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Abstract 

A set of valuable universal similarity factorization equalities are established over com- 
plex Clifford algebras C n . Through them matrix representations of complex Clifford al- 
gebras C n can directly be derived, and their properties can easily be determined. 

AMS Subject Classification: 15A23, 15A66. 

Keywords: Clifford algebras, matrix representations, universal similarity factorizations. 

1 Introduction 

Let C n be the complex Clifford algebra, with the identity 1, defined on n generators e\ , 62, ■ ■ ■ ,e n 
subject to the multiplication laws: 

ef = -l, i = l,2,---,n, (1) 
ei&j + ejei = 0, i ^ j, i, j = 1, 2, • • • , n, (2) 

and &\&2'" e n 7^ if- hi that case C n is spanned as a 2 n -dimensional vector space with 
2 n basis {e^}, where the multi index A ranges all naturally ordered subsets of the first 
positive integer set {1,2,- •• , n}; the basis element e A , where A = («i, *2) " " " >*fc) with 
1 < i\ < 12 < ■ • • < ik < n, is defined as the product 



e A — e (ii,t2,— ,«fe) ~~ e h e i2 ' ' ' e ik ) e A= 



1. 



For simplicity, the volume element ei2- n = ^1^2 • • • e„ of C n will be denoted by ej n ] in the 
sequel. The square of the volume element is 



ef n] = (-l)H«-D e ^... e 
In that case, all a S C n can be expressed as 

a = S ^a A eA, a A £C, 



1 



where A ranges all naturally ordered subsets of {1, 2, • • • , n}. We shall adopt the following 
notation from now on: C n := C{ ei, • • • , e n }. 

Clifford algebras (real or complex) have been studied for many years and their algebraic 
properties are well known. In particular, all Clifford algebras are classified as matrix algebras, 
or as direct sums of matrix algebras over the fields of real or complex numbers, or the 
quaternion ring (see, e.g., J2], ||, [|, [7|, ||, ^, 1C, [ll]]). For complex Clifford algebras C n , it is 



well known that they can faithfully be realized as certain matrix algebras over C, and the 
general algebraic isomorphism is 



r 



C(2 2 ) if n is even, 
2 C(2 L 



2 ) if n is odd, 



(3) 



where C(s) stands for the s x s total complex matrix algebra, and 2 C(s) stands for the 
complex matrix algebra 



2 C(s) 



A 
B 



A,B € C(s) 



In this article we improve this relationship to a new level by establishing a set of valuable 
universal similarity factorization equalities between elements of C n and complex matrices 
over C(2"2 ) or C(2~ 2~~ ) for all n. Through these universal factorization equalities the complex 
matrix representations of elements in C n can explicitly be established. Based on them various 
results in the complex matrix theory can directly be extended to complex Clifford numbers. 
Moreover, one can also easily develop matrix analysis over complex Clifford algebras. 

We first establish some basic universal similarity factorization equalities for elements in 
Clifford algebras with dimensions 2 and 4, which will be directly applied to establish some 
more general results for C n . 

Lemma 1. Let T be an algebraically closed field and T\ = T{e \ e 2 = u] be a Clifford 
algebra defined on a generator e with e 2 = u £ T and u / 0. Then all a G J-\ can be 
written as a = ao + a\e, where ao, a% £ T . Moreover, define a = ao — a\e. In that case, a 
and a satisfy the following universal similarity factorization equality 



(4) 



p 


a 


P- 1 = 


ao + Vuai 




a 




ao — \fua\ 



where P and P 1 have the following universal forms (no relation with a) : 



P= l - 

2 



P- 



-T.WU 



1 + ^e 



(5) 



Proof. Note that e 2 = u. It is easy to verify that 



1 e 




a 




1 e 




ao ua\ 


e- 1 -1 




a 




e" 1 -1 




ai aoa 
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On the other hand, it is also easy to verify that 



1 

"77 "I 



ao + nai 
ao — itai 





1 v^" 












a\ aoa 



Combining the above two equalities yields (|j) and (|5|). □ 

Lemma 2. Let M 2 (.F) be the 2x2 total matrix algebra over an arbitrary field J- with its 
basis satisfying the multiplication rules 



TpqTst 



T P t, q = s, 

0, q^s, 



(6) 



for p, q,s,t = 1, 2. Then all a = aimi + ai 2 Ti 2 + a 2 ir 2 i + a 22 r 22 £ M 2 (JF), where a P9 G JF, 
satisfy the following universal similarity factorization equality 



Q 



a 
a 



Q 



-i 



where Q has the following universal form 

Q = Q~ 1 



an au 
0-21 0,22 



Til T~2l 

T\i r 22 



(7) 



(8) 



Proof. Follows directly from a verification. □ 

Lemma 3. Let T be an algebraically closed field of characteristic not two, and Ti = 
•F{ei> e 2 } be a Clifford algebra defined on two generators ei, e 2 with e\ = u S !F, e| = v S T 
and m/0,«/0. Then all a£ ^ can be written as 



a = ao + aiei + a 2 e 2 + a3ei 2 , 



(9) 



where ao, • • • ,03 £ T. In that case, a/ 2 satisfies the following universal similarity factoriza- 
tion equalities 



R 



and 



T 



a 







ao + 


t>(a 2 + V^as) 





a 




a 2 - A/aa 3 


ao — ^/uai 


a 







ao + \/^ai 


u(ai - y/vaz) 





a 




ai + ^/TJa 3 


ao - Vvai 



(10) 



(11) 



where 



R = R- 1 



1 + -7=ei 



e 2 - ^ei 2 



i(e 2 + ^e 12 ) l-^ ei 



(12) 
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and 



T = T 



-i 



ei + ^ei 2 



ei2j 



C2 



Proof. By Lemma 2, we take the change of basis of T 2 as follows 



1 ( 1 

- 1 + -=ei 

2 V */u 



1 



ei2 



Tl2 



T"22 



ei2 



(13) 



(14a) 



(14b) 



Then it is not hard to verify that this new basis satisfies the multiplication rules in @. In 
this new basis, any a = ao + a\e\ + 0262 + a^e^ G ^"2 can be rewritten as 

a = (ao + Vuai)ru + {va 2 + Vua 3 )Ti 2 + (a 2 - Vua s )T 2 i + (a - •y/uai)r 2 2. 



Substituting this and dl4) into (M) and (g), we can obtain ( jTOj ) and ([12]) . By the similar 
approach, we can get (|11|) and (|T^). □ 



2 Main results 

Notice that C is an algebraically closed field. We then can establish a set of universal 
similarity factorization equalities for elements in C n on the basis of Lemmas 1 and 3. 

Theorem 4. Let a G C\ = C{e} be given. Then a can be written as a = ao + a%e, where 
ao, ai £ C = {x + iy\x,y £ 1Z}. Moreover denote by a = ao — a\e, called the conjugate of a. 
Then a and a satisfy the following universal similarity factorization equality 



Pi 



a 
a 



ao + a\i 
ao — a\i 



(15) 



where P\ and P 1 1 have the following universal forms (no relation with a) : 



Pi 



1 — ie — (i — e) 
-(i — e) 1 — ie 



p; 



1 — ie i — e 
i — e 1 — ie 



(16) 



Proof. Let T = C and u = — 1 as in Lemma 1. Then ( |T5| ) and ( |l6D follow directly from 
and (|). □ 



It is easy to verify that 

a = a, a + b = a + 6, a& = a&, Aa = aA = Aa. 



(17) 



hold for all a,b £ C\ and A G C. According to (15), we define a map from C\ to the double 
field C © C by 



!>l : a = ao + a\e G Ci 



ao + a\i 
ao — a\i 



G C©C. 



(18) 
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Then it is easy to derive from (|T^) and ( |l7|) the following properties. 

Corollary 5. Let a = ao + a\e,b = bo + b\e £ Ci, X £ C be given, and <f>\ be defined by 
(HH. Then 






1 







i 






M a ) 






1 











(a) a = b <^=> 0i(a) = <t>\{b). 

(b) 0i (a + b) = Ma) + Mb), Mab) = 0i(a)0i(6), ^i(Aa) = A<£i(a), 0i(l) = J 2 . 

(c) 0i (a) 

(d) Denote a* = ao — ale, then 0i(a*) = 0i(a), the conjugate transpose of the complex 
matrix (p\{a). 

(e) a = j[l — ie, i — e]0i(a)[l — ie, e — i] T . 

(f) det[0i(a)] =al + a\. 

(g) a is invertible <^=^ </>i(a) is invertible, in which case <f)\{a~ l ) = (f>^ 1 (a). 

The properties in Corollary 5(a) and (b) show that through the bijective map (|l8|), the 



Clifford algebra C\ is algebraically isomorphic to the double field C © C , and 0i (a) is a 
faithful matrix representation of a in C © C. 

Notice that P\ and FT in (15) have no relation with a. Thus the equality in Theorem 
4 can also be extended to all matrices over the complex Clifford algebra C\. 

Theorem 6. Let A = A Q + A x e £ C™ xn be given, where A ,A 1 £ C mxn . Then A and its 
conjugate A = Aq — A\e satisfy the following universal factorization equality 



2m 



A 
A 



J, 



2n 



A + Aii 
A - Mi 



(19) 



where 



Jim — 2 



2n 



(1 - ie)I m -(i - e)I m 

-(i-e)I m (l-iei)I m 

(1 - iei)I n (i - e)I n 

(i - e)I n (1 - ie)I T 



(20) 



In particular, if m = n, then ( |l9| ) becomes a universal similarity factorization equality over 
Ci. 

It is easy to verify that for any matrices A,B £ C™ xn , C £ C™ xp , and A £ C 



A 



A + B = A + B, AC = AC, XA = AX = \A. (21) 

Now according to (|l~9|), we define the complex matrix representation of a matrix A = Aq + 

A + A x i 
A - Aii 



Aie £ C™ xn by $i(A) 



Then the following properties can be 



easily derived from ( |19| ) and (21). 

Corollary 7. Let A,B £ C™ xn ,C £ C" xp and A £ C be given. Then 
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(a) A = B <^=> $x(A) = $i(B). 

(b) * x (^ + B) = *i(A) + *i(B). 

(c) $!(AC) = $i(A)$i(C), *i(AA) = \$i(A), $i(J„ 



'2m- 



(d) 



J m 

An 



In 
4 



(e) Let 71 = ^0 + A\e and denote A& = Aq — A\e, where Aq and A\ are the conjugate 
transposes of the complex matrices Aq and A\. Then $>i(A#) = $>\(A), the conjugate 
transpose of the complex matrix $i(^4). 

(f) A = |[(1 - ie)/ m , (i - e)/ TO ]*i(A)[(l - ie)J n , (e - i)I n ] T . 

(g) ^4 is invertible <^=^ $i(^4) is invertible, in which case ^±(A~ 1 ) = ^^(A). 

(h) p A (A) = 0, where p A (x) = det[x/ 2m - $i(A)]. 

Theorem 8. Let a £ C2 = C{e\,e2}, the complex quaternion algebra. Then a can be 
written as 

a = ao + a\e\ + 0262 + 03612, 

where ao, • • • , 03 € C. In that case, 0/2 satisfies the following universal similarity factoriza- 
tion equality 



Pi 



a 
a 



R 



-1 



where Po has the universal form 



ao + a\% — (a2 + a3«) 
02 — a-^i ao — a\i 



1 - ie\ e 2 + ieu 
-e 2 + iei2 1+iei 



(22) 



(23) 



Proof. Let T = C and u = v 



T in Lemma 3. Then (22) and (23) follow from (|l0|) and 



According to (22), define a map from C2 to the 2x2 complex matrix algebra C by 



62 : a = ao + a\e\ + a 2 e2 + 03612 £ C2 



a + aii — (02 + 032) 
a 2 — (131 ao — a\i 



2x2 



(24) 



Then we can easily derive from (|2^) the following properties. 
Corollary 9. Let a,b E C2 = C{e\,e2} and A G C be given. Then 

(a) a = 6 <^=^ ^2(0) = 4>2(b). 

(b) 02 (a + &) = Ma) + Mb), Mab) = fa(a)fa(b), 2 (Aa) = A^j(o), M 1 ) = h- 

(c) Let a = ao + aiei + a2e2 + 03612 G C2, and denote a* = oq — aTei — 0262 — 03612- Then 



Ma 



#) 



(a), the conjugate transpose of the complex matrix 02(a). 
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(d) a = 4[1 — ie, e 2 + iei 2 ]0 2 (a)[l - ie, -e 2 + iei 2 p 



(e) det[</> 2 (a)] = + af + a\ + a|. 

(f) a is invertible <J=^ </> 2 (a) is invertible, in which case 

(g) The two elements a and b in C 2 are similar, i.e., there is an invertible x G C 2 such 
that ax = xb if and only if the two complex matrices (j) 2 {a) and 4> 2 (b) are similar over 
C. 

The properties in Corollary 9(a) and (b) clearly show that through the bijective map ( p4| ) 
the Clifford algebra C 2 , i.e., the complex quaternion algebra, is algebraically isomorphic to 
the complex matrix algebra C 2x2 , and <p 2 (a) is a faithful matrix representation of a in C 2x2 . 

Notice that P 2 and P^ 1 in (23) have no relation to a. Thus the equality in Theorem 8 
can also be extended to all matrices over C 2 . 



Theorem 10. Let A = A + A x e\ + A 2 e 2 + A 3 e 12 G C 2 7ixri 



C mxn {ei,e 2 } be given where 



An 



, A3 G £ mx? \ Then A satisfies the following universal factorization equality 



2ni 



A 
A 



where 



21 



K, 



-1 

2f 



A + Ai* -(A 2 +A 3 i) 

A 2 - A 3 i A - A x i 



{A-ie\)l t (e 2 + iei 2 )I t 
-e 2 + iei 2 )I t (1 + iei)I t 



(25) 



(26) 



In particular, if m = n, then (25) becomes a universal similarity factorization equality over 

c 2 . 



According to (25), we define the complex representation of a matrix A = Ag+Aie G C, 
Ao + Aii -{A 2 + A 3 i 



mxn 
2 



by <£ 2 (A) 
21 



A 2 - A 3 z A - Aii 



. Then the following properties are easy to verify by 



Corollary 11. Let A, B G C^ xn ,C G C% xp , and A G C be given. Then 

(a) A = B ^$ 2 (A) = <5> 2 {B). 

(b) $ 2 (A + B) = $ 2 (A) + $ 2 (5). 

(c) $ 2 (AC) = $ 2 (A)$ 2 (C), $ 2 (AA) = A$ 2 (A), $ 2 (I m ) = J 2m . 

(d) Let A = A + Aiei + A 2 e 2 + A 3 e i2 and denote A* = A% - A\e\ - A\e 2 - A\e\ 2 , then 
< ^ 2 (A*) = $2 (A), the conjugate transpose of the complex matrix $ 2 (A). 

(e) A = i[(l - iex)I m , (e 2 + ie 12 )I m ]$ 2 (A)[(l - ie x )I n , (-e 2 + ie 12 )I n f. 

(f) A is invertible <^=^ < I ) 2(A) is invertible, in which case $ 2 (A _1 ) = $2 1 (A)- 

(g) pa(A) = 0, where p^(A) = det[A/ 2m — $ 2 (A)], the characteristic polynomial of <I> 2 (A). 
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(h) Two square matrices A and B are similar over C 2 , i.e., there is an invertible matrix 
X over C 2 such that AX = XB if and only if <3?2(^4) and &2(B) are similar over C. 

In the next several results we only present the basic universal similarity factorization 
equalities without listing their operation properties and their extensions to matrices over C n . 



Theorem 12. Let a G C3 = C{ei,e 2 ,e3} be given. Then a can factor as 

a = a + aie[ 3 ], 



(27) 



where 

a , ai eC 2 = C{ei, e 2 }, e 2 3] = 1. 

Moreover, define a = ao — aie™. In that case, the diagonal matrix D a = diag(a/ 2 , a/2) 
satisfies the following universal similarity factorization equality 



02 (a ) + 02 (ai) 

02(Qo) - 02 (Ol) 

:= 03(a) G 2 C 2 * 2 , 



where 02 (a*), i = 0, 1, is the matrix representation of in C defined in (B4j) and 



ft 



ft- 1 = - 



(l + e [3] )ft -(l- e[3] )P 2 
(l-e [3] )P 2 (l + e [3] )P 2 

P-f^l + ep]) Pf^l-ep]) 
-p-^l-epj) p-i(l + e[3] ) 



(28) 

(29) 
(30) 



where P 2 and P 2 1 are given by (|2 



Proof. Notice that fee™ = ewb holds for all b G C 2 = C{ei,e 2 }. We have by applying (22) 
to a in (|27f) that 



and 



P 2 (a/ 2 )P 2 r 1 = P2(a h)P 2 ~ 1 + P2(ai/ 2 )P 2 " 1 e[3] = 02(a o ) + 2 (ai)e [3] := ^(t 



P 2 (a/ 2 )P 2 1 = 02 (ao) - 2 (ai)e[ 3] := ^(a). 
Next we build, according to Lemma 1, a matrix and its inverse as follows 



V 



V 



-1 



(l + e[ 3 ])J 2 -(l-e[ 3 ])I 2 
(l-e [3] )I 2 (l + e [3] )I 2 

(l + e[ 3 ])l2 (l-e [3 ])J 2 
-(l-e [3] )J 2 (l + e [3] )/ 2 



and then calculate to get 



V 


>(a) 





v- x = 












2 (a o ) + 2 (ai) 






02 (ao) - 02 (ai) 
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Finally substituting ijj(a) = P2(aI 2 )P 2 1 and ifj(a) = P 2 {aI 2 )P 2 1 into the left-hand side of 
the above equality yields @, (§9|), and @. □ 

Theorem 13. Let a £ C4 = C{e\, e 2 , e%, 64} be given. Then a can factor as 



a = a + aiei23 + a 2 ei 2 4 + 03643 = a + ei 2 3ai + ei 2 4«2 + 64303, 



(31) 



where 



-123 



a ,ai,a 2 ,a 3 G C 2 = C{ei,e 2 }, 
1) e?24 = 1, 643 = ei23ei 2 4 = — ei24ei23- 



In that case, 0/4 satisfies the following universal similarity factorization equality 



(p2(ao) + 02 («l) 02 («2) + ^2(03) 
2 (a 2 ) - 02(«3) 02(«o) - 02 (Ol) 

:= 4 (a) e C 4x4 , 

where 02 (at), i = 0, . . . , 3, is the matrix representation of at in C 2x2 defined in (| 



Pa = P7 



(l + e[ 3 ])P 2 (ei24 - 643)^2 
(ei24 + e 43 )P 2 (1 - e[ 3 ])P 2 



(32) 
and 

(33) 



where P 2 is given in (| 
Proof. Note that the commutative rules 6ei23 



ei 2 3», be\ 2 A = ei 2 4&, 6e43 = 6436 hold for all 



b £ C 2 = C{ei, e 2 }. Thus, it follows from (22) that 
^2(a/ 2 )P 2 - 1 

= P2(a I 2 )P 2 1 + P 2 (a 1 / 2 )P 2 - 1 e 123 + P 2 {a 2 l 2 )P 2 x e X2A _ + P 2 (a 3 I 2 )P 2 ^43 

= 02(ao) + 02(ai)ei 23 + 2 (a 2 )e i24 + 2 (a 3 )e 43 

:=^(a). 

Next building, according to Lemma 3, a matrix and its inverse as follows 



V = V 



(1 + ei 23 )/2 (ei24 - e 4 3)-^2 
(ei24 + e 43 )/ 2 (1 - ei 23 )I 2 



and applying them to ip(a) given above, we obtain 



V 



ip{a) 
^(a) 



V 



-1 



□ 



2 (a o ) + 02 (ai) 2 (a 2 ) + 2 (a 3 ) 
_ 2 (a 2 ) - 2 (a 3 ) 2 (a o ) - 2 (ai) 

Finally substituting -0(a) = P 2 (a/ 2 )P 2 ~ 1 into its left-hand side yields ( |3"2| ) and (| 

By induction, we have the following two general results. 

Theorem 14. Suppose that there is an independent invertible matrix P n over C n 
C{e\, . . . , e n } with n even such that 



n n 

P n {al 2 ~)p- 1 := n (a) G C 2Tx2T = C(2*) 



(34) 
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holds for all a G C n . Now let a G C n+ \ = C{ei, . . . , e n+ i}. Then a can factor as 

a = a + Oie[ n+ i] = a + e [n+1] ai, (35) 



where 



a ,ai G C n =C{ei,... ,e n }, ej? n+1] = (-1) 



§(n+l)(n+2) 



r. 



Moreover define a = a^ — aie[ n+1 ] . In that case, D a = diag(a/ 2 " , al^ ) satisfies the following 
universal similarity factorization equality 



n+l- L/ a- r n +l 



Pt,_i_i D„P, 



where 



Pn+l 



and 



r n+l 



4>n(ao) + Vr<Pn(ai) 

(pn(a ) - y/f(p n (ai) 

:=0n+i(a) G 2 C(2?), 



(1 + ^e[n+i]) p n -(v 7 ^ - e [n+1] )P n 
l(Vf - e[n+i])Pn (1 + ^e [n+1] )P n 



H 1 + 7^e [n+1] ) P n 1 (Vf-e [n+1] ) 

"^"(V^ ~e[n+l]) P n H 1 + ^ e [n+l]) 



and 

Next, setting 



P n (al 2 n = P ri (a/ 2 n)F- 1 +P n (a 1 I 2f )p- 1 e [n+1] 
= </>n(ao) + <M a i) e [n+i] := V(a). 

P n (a/ 25 )P n ~ 1 = <?f> n (a ) - 0n(ai)e [n+ i] := 



v = l 

2 



V" 



1 



(1 + ^e [n+1] )/ 2 n -(^F - e [n+1] )/ 2 n 

^(\/^-e[n + l]K 2 f (1 + ^ e [n+l]K 2 5 

(l + ^e [n+1] )/ 2f (VF-e [n+1] )J 25 



and applying them to D a = diag(^(a), -0(a)) we get 
V 



ip{a) 




V(5) 





4>n(ao) + \/r(j)n(ai) 

^n(ao) - Vr(f>n{a>l) 

Finally, substituting ip(a) = P n {aI 2 ^)P~ l and ip(a) = P n (a/ 9 «)P~ 1 into its left-hand side 



(36) 



(37) 



(38) 



Proof. Note that the commutative rule 6er n+1 i = er n+1 i6 holds for all b G C n = C{e\, . . . , e n }. 
By applying (53) to (|35|), we obtain 



yields the desired results. □ 



27 
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Theorem 15. Suppose that there is an independent invertible matrix P n over C n = 
C{ei, . . . , e n } with n even such that 

P„(a/ 2 n)p- 1 eC(2?) (39) 

holds for all a € C n . Now, let a 6 C n +2 = C{ei, . . . , e n+ 2}. Then it can factor as 

a = a + aie[„]e n+ i + a 2 e[„]e n+2 + a 3 /i„ +2 , (40) 

where 



a ,ai,a 2 ,a 3 G C„ = C{ei, . . . ,e„}, 
(e N e n+1 ) 2 = (e N e n+2 ) 2 = (_l)§("+i)<»+*> = f> 
= (e[ n ]e n+ i)(e[„]e n+2 ) = -(e[ n ]e n+2 )(e [n ]e„ + i). 

In that case, al^n+i satisfies the following universal similarity factorization equality 



where 



<>n(ao) + v^<M°i) r[0 n (a 2 ) + v^<M a 3)] 

^n(a2) - Vr<t>n(a3) 0n(ao) ~ V^n^l) 



ra+1 , 



2+2 (a) G C(2 — ), 



Pn 



+2 



n+2 



(1 + 7F e [n+l])-Pri (e[„]e n+2 - ^^ n+2 )P n 
i(e [n] e„ +2 + -±^ n+2 )P n (1 - -±pe [n+1 ])P„ 

X (l + 7^ e [n+l]) P« 1 ( e [n]e«+2 ~ 
1 H e [n] e n+2 + P-n H 1 ~ ^f e [n+l]) 



The proof of this result is analogous to that of Theorem 13, and is therefore omitted here. 



3 Conclusions 

In this article we have established a set of universal similarity factorization equalities for 
elements over the complex Clifford algebra C n . These equalities reveal two basic facts about 
r ■ 

(i) Each element a in C n has a complex matrix representation <j) n (a). Moreover, a diag- 
onal matrix constructed by the element a is uniformly similar to its complex matrix 
representation <fi n (a). 

(ii) Conversely, each element ci in C n could be regarded as an eigenvalue of its complex 
representation matrix 4> n (a). In other words, all complex matrices with the form 4> n (a) 
can uniformly be diagonalized over C n . 

Based on the above two facts, one easily see that almost all known results in complex 
matrix theory can be extended to complex Clifford algebras. On the other hand, some 
problems related to complex matrices can also transform to the problems related to Clifford 



11 



numbers. One such a problem (see 0) is concerning the exponential e A of a complex matrix 
A. In fact, we can see from Theorems 14 and 15 that for any a S C n , there is 

P n (e a /)P- 1 = e*»to 

or 

which implies that the exponential of a complex matrix (j) n (a) can be determined by the 
exponential of its corresponding Clifford numbers. 

References 

[1] R. Ablamowicz, Matrix exponential via Clifford algebras, J. Nonlinear Math. Physics 5(1998), 
294-313. 

[2] M. F. Atiyah, R. Bott and A. Shapiro, Clifford Modules, Topology 3(1961), 3-38. 

[3] G. N. Hilc and P. Lounesto, Matrix representations of Clifford algebras, Linear Algebra Appl. 
128(1990), 51-63. 

[4] T. Y. Lam, The Algebraic Theory of Quadratic Forms, W. A. Benjamin, Reading, Mass., 1973. 
[5] M. Karoubi, K-Theory, Springer- Verlag, Berlin, 1978. 

[6] M. Marcus, Finite Dimensional Multilinear Algebra (Part II), Marcel Dekker Inc., New York, 
1975. 

[7] S. Okubo, Real representations of finite Clifford algebras. I. classification, J. Math. Phys. 
32(1991), 1657-1668. 

[8] S. Okubo, Real representations of finite Clifford algebras. II. explicit construction and pseudo- 
octonion, J. Math. Phys. 32(1991), 1669-1673. 

[9] S. Okubo, Representations of Clifford algebras and its applications, Math. Japn. 41(1995), 59-79. 

[10] I. R. Porteous, Topological Geometry, Cambridge U. P., Cambridge, 1981. 

[11] I. R. Porteous, Clifford Algebras and the Classical Groups, Cambridge U. P., Cambridge, 1995. 
[12] Y. Tian, Universal similarity factorization equalities over real Clifford algebras, Adv. Appl. Clif- 
ford Algebras 8(1998), 365-402. 

[13] V. V. Varlamov, Modulo 2 periodicity of complex Clifford algebras and electromagnetic field, 
preprint, 1997. 



12 



